FUNDAMENTAL FUNCTIONAL EQUATION OF FIRST TYPE
Let X be a normed linear space and let Y be a real complete normed linear space. Then consider a non-linear mapping Q: X ª Y satisfying the fundamental functional equation 
Ž . Ž .
Moreo¨er, identity Q x s m y2 n Q m n x 6a Ž . Ž . Ž .
holds for all x g X, all n g N, and any real a , a and fixed positi¨e reals 1 2 m , m : m)1.
2
Ž . Ž . Note that if one replaces x s 0 in f x , and f x for m ) 1, then
Ž . Ž .
Therefore one gets from Theorem 1 the following Theorem 1a.
THEOREM 1a. Let X be a normed linear space and let Y be a real complete normed linear space. Assume in addition that f : X ª Y is a mapping for which there exists a constant c G 0 such that the Euler᎐Lagrange functional inequality. .Ž . Ž . Ž . Ž . Ž .
m m a q m a Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . In fact, the basic inequality 10 with x ª m x yields inequality
for all x g X. Ž . By induction hypothesis with n ª n y 1 in 12 inequality
holds for all x g X. Ž . Ž . Thus functional inequalities 12a ᎐ 12b and the triangle inequality imply
Ž . completing the proof of the required functional inequality 12 .
Claim now that the sequence
converges.
Ž . Note that from the general inequality 12 and the completeness of Y, one proves that the above sequence is a Cauchy sequence.
In fact, if i ) j ) 0, then
for all x g X, all i, j g N, and any fixed real m ) 1.
Ž . Setting h s m x in 13 and employing general inequality 12 one concludes that holds for all x , x g X, all n g N, and any fixed real m ) 1. Ž . 
for all x g X, and any fixed real m ) 1. Ž .
X
To prove the above-mentioned uniqueness employ 6a for Q and Q , as well, so that
holds for all x g X, all n g N, and any fixed m ) 1. Ž . Ž .
Moreover the triangle inequality and functional inequalities 6 ᎐ 6 yield
for all x g X, all n g N, and any fixed real m ) 1. Ž . Ž . X Ž . Then from 6a ᎐ 6a , and 16 , one proves that
Ž . Ž . Ž .
1 holds for all x g X, all n g N, and any fixed real m ) 1.
Ž . Therefore from 16a , and n ª ϱ, one establishes
for all x g X, completing the proof of uniqueness and thus the stability of Theorem 1.
FUNDAMENTAL FUNCTIONAL EQUATION OF SECOND TYPE
We note that an analogous definition to Definition 1 holds for quadratic Ž . mapping Q for 0 -m -1 if we replace m ) 1 in Definition 1 with 0 -m -1 and keep the rest of Definition 1 unchanged.
Moreover the functional equation Ž . holds for all x g X and any fixed real a and positive real m i s 1, 2 : Ž . an identity in X. In this case ** is not required.
Ž . Moreover this mapping Q may be called quadratic because ** holds Ž .
for all x g X, and any fixed real m: 0 -m -1. Then induction on n g N with x ª m yŽ ny1. x yields equation
Ž .
X completing the proof for Eq. 2 . hold for all x g X, and any real fixed m: 0 -m -1, respectively. Note Ž . that * is equivalent to the mean functional equation
for all x g X, and any fixed real m: 0 -m -1.
Ž . Moreo¨er, identity
holds for all x g X, all n g N, and any fixed real a , a and positi¨e reals Ž .
x ,x G0 and any fixed reals a , a : 0 -m s a q a -1. for all x g X, all n g N, and any fixed reals a , a : 0 -m -1. Ž . Ž .
Ž . 
